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S-Parameter Matrices

The objective of microwave circuit andyssis to move from the requirement to solve for dl the
fields and waves of a Sructure to an equivaent circuit that is amenable to dl the tools of the
circuit anadysistoolbox. However, the tools that are appropriate for lumped circuits must be
extended to apply to distributed networks.

A matrix that is of great use in microwave network problemsis the "scattering” matrix, so-caled
by andogy to the scattering or reflection of waves by a free-space reflector. Asintroduced in
the prior notes, S-parameters have become the preferred description of microwave n-ports for
the following reasons:

Voltage and current are difficult to define and measure in distributed circuits

The measurement of power in incident and reflected wavesis anatura technique for
microwave transmission lines. Voltage and current may not be well defined, or even
defined at dl, in some structures. The specification of voltage and current in a
distributed circuit requires a specification of the exact location, and these parameters
vary with location in the circuit. The determination of the individud parameters of
voltage and current equation sets requires short or open circuit loads, which are
sengtive to the precise location; in particular, it isnot practica to mount a connector
close enough to a microwave lumped device to be measuring its actua port voltages
and currents. Also, many active devices cannot be operated with fully reflective
terminations (short or open) of arbitrary phase, asthey will oscillate, which isalarge
sgnd nonlinear condition and may even result in device falure.

Incident and reflected waves are the natural description for microwave structures

The matched condition (G = 0) isaunique, repesatable termination. It isinsengtiveto
the length of transmission line to the matched load, so that measurements can be made
without requiring the reference planes (the port connectors) to be located directly at the
device under measurement (or being described). A matched load isanatura structure
that can maintain its character over avery broad frequency range.

Converson from S-parameters to other parameter sets is a matter of routine algebra

Each of the many equivdent parameter setsis uniquely useful for a given drcuit
topology. For example, the ABCD and T matrices are adept at cascaded networks,
whilethe Z and Y parameter sets can be directly evaluated for tee and pi networks,
respectively. However, the conversion process, while complex gppearing, lends itsdf to
repested routines for hand or computer calculation.
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S-parameters (in fact, dl the parameter sets) benefit from the matrix toolbox.

The toolbox of established matrix mathematics is directly gpplicable to the matrices that
are the equivalent of the port equations of the parameter sets. For example, the S

matrix can be ingpected for losdess, reciproca or unilatera character. If either or both
of these conditions is present, many of the individua matrix e ements can be determined

by inspection.

Equivdence of Matrix and Equation Form

For asingle port network, we have the following smple relationships from our study of Gand
Smith chart.

b1=GCGx =Sy b1=GCGx =Sy

For amultiport network the reflection coefficient is G defined as
bn :
bh=Ga, S0G, = ; where n is the port number.

Notethat G, = Sy, only if dl other ports are terminated, that is, only if dl gy, = 0 for m?n.
Otherwise it must be algebraicdly caculated from al the parameters.

The example of 2-port equations and their equivaent matrix is shown here to emphasize that
both forms contain the same information, but the matrix form suggests the use of formal matrix
dgebratoolsasan aid to andysis.

é)l U iﬁu Se 0éa1 by = Sy134 + Spoap
8)2H_ %21 SzzHS&zH by = Sy 139 + Sy

It is not uncommon to consider microwave networks of three and four ports, asin power
dividers and directiond couplers. The extension to the example of 3-port equations and
equivaent matrix should reinforce the concept of equivalence:

il G S Ssal by = S1181 + Spo8p + Sy388
3023= gm Se2 523%5123 bo = Sp1aq + Spoap + Spzag
&0 65 S SlBasl b3 = Sz13y + Szoap + Sz3a3

Using matrix rules we can ingpect an S-parameter matrix and see whether the network is
reciprocal and whether it islosdess. We can then use these facts to reduce the number of
independent variables in the matrix, so that we can more easily evauate the matrix ements (the
parameters of the equations).
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Which Matrices Are Used When?

Weve seen that the equations and related matrix expressons dl involve various combinations of
an, bn, Vn, and I,. Certain of the forms are more easily evauated in specific network

topologies.

For example, suppose the network is composed of impedances as here

If we considering the impedance at port one for an open-circuited port 2, we see that
Z11 = Zaq+ Zp and smilarly Zyp = Z. + 7,

if we gpply input current |1 the open circuit output voltageis|1Zy, SO Z12 = Zy,.
Solving for Z11, Z12 and Zo> wefind

Z11-21p0= 24

Zo - Z19 = Zc ad

Z1p=231=2y

This defines the parameters of the Z matrix description

[VI=[Z][1] Vi=Zy W+ 221y
Vo=Znl1+2Zxl)

The T network lends itsdlf to the Z matrix description, which can then be converted to the
equivalent S matrix for S-parameter measurements and operations.

Now congder the p form of anetwork, shown here:
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Ya

If we consider the admittance at port 1 for shorted port 2, we see that for this network
Y11+ Y12 =Yg amilaly
Yo+ Y=Ycad

Yio=-Yp
(11 =[YI[V] 11=Y11V1+ Y12 V2
lo=Y21V1+Y»nVso

Now consider the application of the ABCD matrix. The fact that the output voltage and current
of thefirg of two cascaded networks are equa to the input voltage and the negative of the input
current, respectively, of the second network makes the ABCD meatrix anatural choice because
isexplicitly deals with the parameters V,, and | ,.

Vi=AVo+Bl»
1 =CV2+Dly

[ABCD] [ABCD]

So by matrix multiplication, we can find the ABCD description of cascaded networks.

A last congderation is the question of a shift in reference planes, which is handled well by the S
matrix. If weask for the S matrix description of the following network

Zo, Q1 [S] Zo, Q2
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wefind that it isamply [S] = [g1][S][g2], where [qy] is defined such that dl terms are zero
except the diagona terms, which are ei2an,

Useful Matrix Operations

Certain Imple matrix operations are ussful in manipulating and evauating S-parameter matrices.
They indude

Multiplication (cascade ABCD or shift of reference plane
Tedt for reciprocity

Tedt for losdessness

Ted for unilaterd transmisson

Multiplication of matrices can be used to determine the ABCD or S parameters of cascaded
networks of smpler forms.

Thetest for reciprocity requires that the matrix be symmetric, that is Sy =Spm Thiscan
generdly be determined by inspection.

The test for losdessnessis that the sum of the Sy Sym* of any column must be unity. If the
network is reciproca, the matrix is symmetric and the same can be said of any row.

The test for unilaterd transmissonisthat Sjo = 0.

ABCD Example Quarter- and Haf-Wave Transmisson Lines

The usefulness of ABCD parameters can be seen in an example that has been the subject of a
homework problem. Consder atransmission line of length |.

The ABCD parameters of this network relate Vj and |, such that
Vi=AVy+B Iy and

[1=CV2+Dls.
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The ABCD matrix of alength of tranamission linel of Z, and Bis
A =cosll B=jZ,snld
C=jYodnll D =cosld

Notethat, for cos 3 = O (that is, for [3=p/2, a quarter wavelength or odd multiple) the ABCD
meatrix becomes smply

A=0 B=jZ,
C=j Yo D=0

which impliesthat 1, = V4/j Z, independent of V> or 1. The fact that the output current
depends only upon the input voltage and the characteristic impedance (regardless of the load
impedance) is ussful to congtruct feed structures for phased antennas, in which the eement
currents are the key parameters. If it desired to control the currents of severd loads of varying
impedance, each can be fed through identical quarter-wave linesthat are pardleled at their
inputs, thus insuring that, snce they dl have the same V1 they dl have the same |».

Smilaly, if anf3 =0 (that is, for [3=p, a haf waveength or multiple) the ABCD matrix
becomes smply

A=-1 B=0

C=0 D=-1

which impliesthat V2 = -V1 and |, = -11 independent of the terminating impedance a end 2.

Review of Trangmisson Lines

For the purpose of characterizing microwave multiport networks, key transmission line concepts
are

1)  Traveling wavesin both directions, V" and V°
2) Characteristic impedance Z, and propagation constant j3

Z, - Z,
3) Reflection coefficient Gﬁ for complex load Z;_
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4) Standing waves resulting from G?0
5) Transformation of Z; through line of Z, and length 3

6) Description of Gand Z on the Smith chart (polar graph of G

Review of Scattering Matrix
1) Normdization with r&epect ton\/Z, of wave amplitudes:

V+
a= \Fandb \/7 , SO power isaa* and bb*
0

2) Rdaionship of by and a,: b, = G, &y

3) Expressonsfor by and by at reference planes:
b1 = Sna + S
by = Sy + Sy

4) Definitions of §;:

b

Si1= ;i forap =0, i.e, input Gfor output terminated in Z.
b

Sy = —2 for & =0, i.e, forward transmisson ratio with Z, load.
b

Sy _5 for a; =0, i.e,, output Gfor input terminated in Z,.

by
S = for & =0, i.e, reverse transmission ratio with Z, source.

ISp12 = Transducer power gain with Z, source and load.
5) Definitionsof G, G, G and Gyt
Z -2y
Zs
=7+ z0
_ Zln Zy -5 S12521G
= Zn 2o 1500 !
Zout - Zo _ S12521Gs
ot = Zgu + 2o~ 215Gy
6) Power Gain G, Avallable Gain Gp, Transducer Gain Gr:

, the reflection coefficient of the load

, the reflection coefficient of the source

, the input reflection coefficient

, the output reflection coefficient

PL power delivered to the load
Pin ~ power input to the network

G=
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Pavout _ power available from the network
Pavs  power available from the source

GA:

PL power ddlivered to the load

Pays  power available from the source

Power Gain Equations

The equations for the various power gain definitions are

PL - |G1_|2
DGR, "T- lelz S T sap
Pavout 1-1GJ2 1
2) Ga = Pavs T 11-Spqv g 1521 1- Gyt
P L IGR 1-1G 12
3 Gy = L G ) G

Pave i GG P 5,6 R
1-1GP 1-1G.12
"1 suaP P Goua P

The expressons for G, and Gyt are

s
1) Gn=Sut 112;2215__
) Gu=Soe

For a unilateral network, S;o=0 and
1) G = Sq1 if $12=0 (unilatera network)
2) Gout = Sp2 if $12=0 (unilatera network)

The transducer gain Gt can be expressed as the product of three gain contributions
G1=GsG,G|, where
GO = |821|2

‘le|2
s = 11 GrGe?
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1-1G.2
Gz
I1- SpG 2
ZO
— AN
Input Transistor Output
Matching [S] Matching
D Circuit Circuit
G
AL
S
G ‘Gin Gut ‘GL

If the device is unilaterd, or sufficiently so that Sq2 is smdl enough to beignored, the unilaterd
transducer gain Gry issmplified because

1-1GJ2 N . .
Gy = 1- SGR’ where the subscript U indicates unilaterd gain.

In practice, the difference between Gy and Gy is often quite smdll, asit is desirable for devices
to be unilaterd if possible.

The components of Gy can aso be expressed in decibd form, so that
Gry (dB) = Gs (dB) + G (dB) + G (dB).
We can maximize Gs and G_ by setting Gs = S11* and G_ = Syo* so that

1

Gsmax =75 A

1
GLnax= TSzzlz , 0 that

1 1
T .
GUmax 1- ISyI2 1Szl 1 - ISpl2

Notethat, if 1S111=1 or ISpl=1, Gry,4 isinfinite. Thisrasesthe question of sability, which
will be examined when we discuss amplifiers and oscillators.
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Review of Generd Scheme of Solving Microwave Problems
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